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The present study is concerned with the wave propagation in an electro-microelastic solid. The reﬂection phenomenon
of plane elastic waves from a stress free plane boundary of an electro-microelastic solid half-space is studied. The condition
and the range of frequency for the existence of elastic waves in an inﬁnite electro-microelastic body are investigated. The
constitutive relations and the ﬁeld equations for an electro-microelastic solid are stemmed from the Eringen’s theory of
microstretch elasticity with electromagnetic interactions. Amplitude ratios and energy ratios of various reﬂected waves
are presented when an elastic wave is made incident obliquely at the stress free plane boundary of an electro-microelastic
solid half-space. It has been veriﬁed that there is no dissipation of energy at the boundary surface during reﬂection. Numer-
ical computations are performed for a speciﬁc model to calculate the phase speeds, amplitude ratios and energy ratios, and
the results obtained are depicted graphically. The eﬀect of elastic parameter corresponding to micro-stretch is noticed on
reﬂection coeﬃcients, in particular. Results of Parﬁtt and Eringen [Parﬁtt, V.R., Eringen, A.C., 1969. Reﬂection of plane
waves from a ﬂat boundary of a micropolar elastic half-space. J. Acoust. Soc. Am. 45, 1258–1272] have also been reduced
as a special case from the present formulation.
 2007 Elsevier Ltd. All rights reserved.
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Eringen (1966) developed the linear theory of micropolar elasticity which is a subclass of the nonlinear the-
ory of simple microelastic solids earlier developed by Eringen and his co-worker (1964a, b) and is a general-
ization of the classical theory of elasticity. The basic diﬀerence between the theory of micropolar elasticity and
that of the classical theory of elasticity is the introduction of an independent microrotation vector. Thus, in the
theory of micropolar elasticity, the motion in a body is characterized by six degrees of freedom, namely three
of translation and three of rotation. The interaction between two parts of a micropolar body is transmitted not
only by a force vector but also by a couple resulting in asymmetric force stress tensor and couple stress
tensor. Many problems on wave propagation in micropolar elastic media have been investigated by several0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.08.014
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S.K. Tomar, A. Khurana / International Journal of Solids and Structures 45 (2008) 276–302 277researchers in the past, e.g., Smith (1967), Parﬁtt and Eringen (1969), Nowacki and Nowacki (1969), Ariman
(1972), Tomar and Gogna (1995, 1997) and Tomar et al. (1998) among several others.
The linear theory of microstretch elastic solids developed by Eringen (1990) is a generalization of the theory
of micropolar elasticity and is again a subclass of the theory of micromorphic materials. Microstretch elastic
solids are those solids in which the material particles can undergo expansion and contraction (stretches), in
addition to the translation and rotation. Thus the motion in a microstretch elastic body is characterized by
seven degrees of freedom. The transmission of load across a diﬀerential element of the surface of a micro-
stretch elastic solid is desribed by a force vector, a couple stress vector and a microstress vector. Composite
materials reinforced with chopped elastic ﬁbers and porous materials whose pores are ﬁlled with gas may fall
in the category of microstretch elastic solids. Tomar and Garg (2005) investigated the possibility of wave prop-
agation and discussed the reﬂection/transmission phenomena of plane waves at a plane interface between two
diﬀerent microstretch elastic solid half-spaces.
Later, Eringen (2004) extended his theory of microstretch elastic solids to include the electromagnetic inter-
actions and termed it as ‘electromagnetic theory of microstretch elasticity’. These materials include animal
bones and nanomaterials. Books by Eringen and Maugin (1990) and Eringen (1999) on microcontinuum
and electrodynamic theories are excellent monographs on this pertinent area of research.
Recently, Khurana and Tomar (2007) have explored the possibility of plane waves propagating in an inﬁ-
nite electro-microelastic solid. They found that there exist ﬁve plane waves in an inﬁnite electro-microelastic
solid namely (i) an independent longitudinal microrotational wave, (ii) two sets of coupled longitudinal waves,
which are inﬂuenced by the electric eﬀect, and (iii) two sets of coupled transverse waves. All these waves are
dispersive. The appearance of the two sets of coupled longitudinal waves having the inﬂuence of electric eﬀect
is new, which reduces to the longitudinal displacement wave of micropolar elasticity in the absence of electric
and microstretch eﬀects. In the present paper, we have derived the condition on propagation of each plane
wave existing in an electro-microelastic solid. Reﬂection phenomenon of each set of these coupled waves
(i.e., the coupled longitudinal waves and the coupled transverse waves) at a stress free ﬂat surface of an elec-
tro-microelastic solid half-space is investigated. The amplitude ratios and the energy ratios of various reﬂected
waves are presented and computed numerically for a speciﬁc model. We have also compared the square of
phase speeds of various waves at diﬀerent limiting values of frequency. The square of the phase speeds of var-
ious existing waves are computed and their variations are depicted graphically against the frequency ratio. The
variations of the square of speeds of both sets of coupled longitudinal waves with frequency ratio is shown for
three diﬀerent cases, namely, k22 >¼< a0ð1þ vEÞ. The variations of modulus of amplitude and energy ratios
against the angle of incidence are computed and shown graphically. The behavior of amplitude ratios with
the frequency ratio is also depicted graphically. It is found that their is no dissipation of energy at the bound-
ary surface during reﬂection. The problem of Parﬁtt and Eringen (1969) has been reduced as a limiting case of
the present formulation.2. Basic equations and constitutive relations
In the absence of body force, body couple and body microstretch force densities, the ﬁeld equations in a
linear isotropic and homogeneous electro-microelastic solid medium when the current vector J, volume charge
density qe, magnetic ﬂux vector B and thermal eﬀect T are ignored, reduce to (Eringen, 2004)ðc21 þ c23Þrr  u ðc22 þ c23Þr r uþ c23rUþ k0rw ¼ €u; ð1Þ
ðc24 þ c25Þrr U c24rrUþ x20r u 2x20U ¼ €U; ð2Þ
c26r2w c27w c28r  uþ c29r  E ¼ €w; ð3Þ
ð1þ vEÞr  Eþ k2r2w ¼ 0; ð4Þ
r  E ¼ 0; ð5Þwhere c21 ¼ ðkþ 2lÞ=q, c22 ¼ l=q, c23 ¼ K=q, c24 ¼ c=qj, c25 ¼ ðaþ bÞ=qj, c26 ¼ 2a0=qj0, c27 ¼ 2k1=3qj0,
c28 ¼ 2k0=3qj0, c29 ¼ 2k2=qj0, x20 ¼ c23=j, k0 ¼ k0=q, k and l are Lame’s constants; K, a, b and c are micropolar
constants; k0, k1 and a0 are microstretch constants; q is the density of the medium, j and j0 are constants, w is
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ﬁeld vector, vE is the dielectric susceptibility and the superposed dots on the right hand sides of Eqs. (1)–(3)
indicate the double temporal derivative. Note that equation (7.8a) in Eringen (2004) is misprint.
With the above considerations, the force stress tensor tkl, the couple stress tensor mkl, the microstretch cou-
ple mk and the dielectric displacement vector Dk for an electro-microelastic solid medium are given by (Erin-
gen, 2004)tkl ¼ ðk0wþ kur;rÞdkl þ lðuk;l þ ul;kÞ þ Kðul;k  eklrUrÞ; ð6Þ
mkl ¼ aUr;rdkl þ bUk;l þ cUl;k þ b0elkmw;m; ð7Þ
mk ¼ a0w;k þ k2Ek þ b0eklmUl;m; ð8Þ
Dk ¼ ð1þ vEÞEk þ k2w;k þ k3eklmUl;m; ð9Þwhere k2 and k3 are the coupling constants corresponding to dielectric-microstretch and dielectric-microrota-
tion eﬀects, respectively, b0 is an elastic moduli corresponding to microstretch and eklm is the permutation
symbol.
The following inequalities among the material moduli are the necessary and suﬃcient conditions for the
strain energy density to be non-negative (Eringen, 1999)3kþ 2lþ K P 3k
2
0
k1
; 2lþ K P 0; K P 0; 3aþ bþ cP 0; cþ bP 0; c bP 0;
a0 P 0; k1 P 0; vE P 0: ð10Þ
Introducing the scalar potentials q, n and ; the vector potentials U and P, as followsu  rqþrU; r U ¼ 0; ð11Þ
U  rnþrP; r P ¼ 0; ð12Þ
E  r: ð13ÞInserting Eq. (13) into Eqs. (4) and (5), we see that Eq. (5) is identically satisﬁed and Eq. (4) reduces tor2 ¼ k2
1þ vEr
2w: ð14ÞOn substituting Eqs. (11)-(12) into Eqs. (1)–(3) and using (14), we obtainðc21 þ c23Þr2qþ k0w ¼ €q; ð15Þ
ðc26  c210Þr2w c27w c28r2q ¼ €w; ð16Þ
ðc22 þ c23Þr2Uþ c23rP ¼ €U; ð17Þ
c24r2P 2x20Pþ x20rU ¼ €P; ð18Þ
ðc24 þ c25Þr2n 2x20n ¼ €n; ð19Þwhere c210 ¼ 2k
2
2
qj0ð1þvEÞ. We note that Eq. (14) is coupled in scalar potentials  and w, Eqs. (15) and (16) are cou-
pled in scalar potentials q and w, Eqs. (17) and (18) are coupled in vector potentials U and P and Eq. (19) is
uncoupled in scalar potential n.
3. Wave propagation
Keeping the same notations of Khurana and Tomar (2007) of various entities involved here, the phase
speeds of two sets of ‘coupled longitudinal waves’ each consisting of a ‘longitudinal displacement wave’ and a
‘longitudinal microstretch wave’ satisfy the equation given by (Khurana and Tomar, 2007)AV 4  BV 2 þ C ¼ 0; ð20Þ
where A ¼ 1 k1X
3K
j
j0
 
, B ¼ c21 þ c23  k0
k0
k1
 
Aþ c26  c210 þ k0
k0
k1
, C ¼ ðc21 þ c23Þðc26  c210Þ and X ¼
2x2
0
x2 .
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1
2A
ðB
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
Þ; ð21Þwhere ‘+’ and ‘’ signs correspond to V 21 and V 22, respectively. Since V 21 and V 22 expressed in Eq. (21) depend
upon x, k2 and v
E, therefore, both the coupled longitudinal waves corresponding to phase speeds V1 and V2
are dispersive in nature and are inﬂuenced by the electric eﬀect.
Eqs. (17) and (18) represent two sets of ‘coupled transverse waves’ propagating with phase speeds V3 and V4
and Eq. (19) represents a ‘longitudinal microrotational wave’ propagating with phase speed V5. The expressions
of their phase speeds are given by (Parﬁtt and Eringen, 1969)V 23;4 ¼
1
2ð1 XÞ e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2  4c24ð1 XÞðc22 þ c23Þ
q 
; ð22Þ
V 25 ¼ ðc24 þ c25Þ þ
2x20
k2
; ð23Þwhere e ¼ c24 þ c22ð1 XÞ þ c23ð1 X=2Þ and X is deﬁned earlier. Each set of ‘coupled transverse waves’ refers to
two motions, the transverse displacement and the transverse microrotation normal to it and are propagating
at the same speed.
Parﬁtt and Eringen (1969) have shown that the set of coupled transverse waves traveling with speed V3 and
the longitudinal microrotational wave traveling with speed V5 will propagate only if x >
ﬃﬃﬃ
2
p
x0, below which
they degenerate into distance decaying sinusoidal vibrations. They have also compared the speed of each wave
with the phase speeds of other waves existing in the medium at diﬀerent values of x. For consistent solution of
V 23 and V
2
4, the requirement of an additional inequality given by c
2
4 P c
2
2 þ c23, i.e.,c
j
P lþ K; ð24Þis mentioned, in particular.
The sets of coupled longitudinal waves traveling with speeds V1,2 and the sets of coupled transverse waves
traveling with speeds V3,4, respectively, satisfy the following phonon dispersion relations given byx4  c21 þ c23 þ c26  c210
 
k2 þ c27
	 

x2 þ c21 þ c23 
k0k0
k1
 
c27 þ c21 þ c23
 
c26  c210
 
k2
 
k2 ¼ 0;
x4  2x20 þ c22 þ c23 þ c24
 
k2
	 

x2 þ 2c22 þ c23
 
x20 þ c22 þ c23
 
c24k
2
	 

k2 ¼ 0:Now, we shall discuss the behavior of phase speeds V1 and V2 at diﬀerent limiting values of x and the con-
dition on their existence. If the quantities V 21 and V
2
2 are positive, then the corresponding waves will travel with
ﬁnite speeds in the medium. However, if any one of V 21 and V
2
2 or both are negative then the corresponding
wave will degenerate into distance decaying sinusoidal vibrations in the medium. It can be seen that the dis-
criminant of Eq. (20), i.e., B2  4AC, given byðc21 þ c23Þ 1
k1X
3K
j
j0
  
 ðc26  c210Þ þ
k0k0X
3K
j
j0
  2
þ 4k0
k0X
3K
j
j0
 
ðc26  c210Þis non-negative for all positive values of x provided c26  c210 P 0, i.e., CP 0. Therefore, to obtain V1 and V2
to be real, we shall choose the values of parameters in such a way that the discriminant B2  4AC is always
greater than zero. The subsequent analysis will decide the situations where the corresponding motions are
physically acceptable. It can be seen
(i) When C > 0, then V 21 is positive for A > 0, and negative for A < 0, while V
2
2 is positive and ﬁnite for all
non-zero values of A.
(ii) When C < 0, then V 21 is positive for all non-zero values of A, while V
2
2 is positive for A < 0, and negative
for A > 0.
(iii) When A = 0 and C > 0, then V 21 is inﬁnite and V
2
2 is ﬁnite and positive.
(iv) When A = 0 and C < 0, then V 21 is ﬁnite and positive provided c
2
6  c210 þ k0k0k1 < 0, and V
2
2 is inﬁnite.
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iting values of x.
Case I: When c26  c210 P 0
(i) If X! 0 then x!1, Eq. (21) yields
V 21 ¼ c21 þ c23; V 22 ¼ c26  c210: ð25ÞThus for high frequency waves, both V 21 and V
2
2 are ﬁnite and positive.
(ii) If X!1 then x! 0, Eq. (21) givesV 21 ¼ 0; V 22 ¼ c21 þ c23 
k0k0
k1
: ð26ÞThus for low frequency waves, V 21 vanishes whereas V
2
2 is ﬁnite. Owing to the ﬁrst inequality given in (10), it
can be seen that V 22 is positive.
(iii) If X! 3Kk1
j0
j
 
then x! xc ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2k1
3K
j
j0
 r
x0
 
, Eq. (21) yields V 21 !1 when x! xþc , V 21 ! 1
when x! xc andlim
x!xc
V 22 ¼
ðc26  c210Þðc21 þ c23Þ
c26  c210 þ k0
k0
k1
: ð27ÞThus at x = xc, we see that V
2
1 is inﬁnite and V
2
2 is ﬁnite and positive. It can be seen that the quantity
A >=< 0 accordingly as x >=< xc. Consequently, the phase speed V1 is real when x > xc, inﬁnite when
x = xc, and imaginary when x < xc. Thus, the frequency xc acts as cutoﬀ frequency for the wave propagating
with speed V1.
Case II: When c26  c210 < 0(i) If X! 0 then x!1, Eq. (21) yields
V 21 ¼ c21 þ c23; V 22 ¼ ðc210  c26Þ: ð28ÞThus, for high frequency waves, V 21 is ﬁnite and positive, while V
2
2 is negative.(ii) If X!1 then x! 0, V 21 and V 22 given by Eq. (21) will remain same as obtained in Case (I) and
given in (26).
(iii) If X! 3Kk1
j0
j
 
then x! xc ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2k1
3K
j
j0
 r
x0
 
, Eq. (21) gives V 22 !1 when x! xc , V 22 ! 1
when x! xþc and
lim
x!xc
V 21 ¼
ðc26  c210Þðc21 þ c23Þ
c26  c210 þ k0
k0
k1
: ð29ÞThus, V 21 is positive provided c
2
6  c210 þ k0
k0
k1
< 0 and V 22 is inﬁnite when x! xc.
In order to get an idea of the dispersion curves of V 21 and V
2
2 with respect to x, let us look at the possibility
of intersection of curves of V 21 and V
2
2 at ﬁnite and inﬁnite values of x. Firstly, if they intersect at x!1, then
V 21ð1Þ ¼ V 22ð1Þ. In this limiting case, the discriminant of Eq. (20) must vanish, that islim
X!0
ðc21 þ c23Þ 1
k1X
3K
j
j0
  
 ðc26  c210Þ þ
k0k0X
3K
j
j0
  2
þ 4k0
k0X
3K
j
j0
 
ðc26  c210Þ ¼ 0:This yields c21 þ c23 ¼ c26  c210. This is the condition for consistency of V 21 and V 22 when x!1. Secondly, it can
be seen that V 21 and V
2
2 are not consistent for ﬁnite values of x. Assuming that for some ﬁnite value of x, say
x = x*, we have V 21ðxÞ ¼ V 22ðxÞ. This means that the discriminant of Eq. (20) must be equal to zero at
x = x*, but we have already seen that the discriminant is positive and non-zero for all values of x > xc. Thus,
in general, V 21ðxÞ > V 22ðxÞ for all positive values of x > xc. Now, let us compare the magnitudes of V 21 and V 22
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following inequality2
j0
a0  k
2
2
1þ vE
 
6 kþ 2lþ K ð30ÞHence, this inequality among the elastic moduli must be satisﬁed for the consistency of V 21 and V
2
2. On com-
paring the expressions of V 21 given in Eqs. (25) and (26), it is easy to see that V
2
1ð0Þ < V 21ð1Þ. Using ﬁrst
inequality of (10), it follows that V 22ð0Þ > V 21ð0Þ and from inequality (30), we have V 22ð1Þ 6 V 21ð1Þ.
In order to compare the relative magnitudes of V 21 with V
2
3 and V
2
4 when x! 0, we compare Eq. (26) with
equations (48a, b) of Parﬁtt and Eringen (1969). It is seen that V 21ð0Þ ¼ V 23ð0Þ and V 21ð0Þ < V 24ð0Þ. Similarly,
comparing V 22 with V
2
3 and V
2
4 when x! 0, it is clear that V 22ð0Þ > V 23ð0Þ and using the inequality
3kþ 2lþ K P 3k20k1 from (10), we get V
2
2ð0Þ > V 24ð0Þ.
Next, to compare their relative magnitudes when x!1, we have from Eq. (25) and equations (47a, b) of
Parﬁtt and Eringen (1969) that V 21 ¼ c21 þ c23; V 22 ¼ c26  c210; V 23 ¼ c24, and V 24 ¼ c22 þ c23. If c24 6 c21 þ c23, then
V 24ð1Þ 6 V 23ð1Þ 6 V 21ð1Þ. Using inequality (30), it follows that V 21ð1ÞP V 22ð1Þ. A similar comparison of
V 22 can be made with V
2
3 and V
2
4 when x!1. Using the inequality (24), we obtain
V 22ð1ÞP V 23ð1ÞP V 24ð1Þ, if the inequality 2j0 a0 
2k22
1þvE
 
P cj holds.4. Reﬂection coeﬃcients
Here, we shall discuss the problem of reﬂection of plane waves when a set of these coupled waves is made
incident obliquely at the free plane boundary of an electro-microelastic solid half-space. Let
R ¼ fðx1; x3Þ : 1 < x1 <1; 0 6 x3 < 1g be the region occupied by an electro-microelastic solid half-space
with the elastic constants k, l, K, c, a0, k0, b0, k2, v
E and the density q. Let the plane boundary surface of R
given by x3 = 0 be free from mechanical stresses. The problem is two dimensional in x1x3-plane so we can takeu ¼ ðu1; 0; u3Þ; U ¼ ð0;/2; 0Þ;
o
ox2
 0; ð31Þwhere /2 ¼ ðrPÞx2 . From relation (11), we obtainu1 ¼ oqox1 
oU 2
ox3
; u3 ¼ oqox3 þ
oU 2
ox1
;where U 2 ¼ ðUÞx2 .4.1. When a set of coupled longitudinal waves with phase speed V1 is incident
Consider a set of coupled longitudinal waves of amplitude A0 propagating with speed V1 through the med-
ium R is made incident at the free plane surface, making an angle h0 with the x3-axis. We take the following
reﬂected waves into consideration to satisfy the boundary conditions at the free plane surface:
(i) Two sets of coupled longitudinal waves of amplitudes A1,2 propagating with speeds V1,2 and making
angles h1,2 respectively, with the normal.
(ii) Two sets of coupled transverse waves of amplitudes A3,4 propagating with speeds V3,4 and making angles
h3,4 respectively, with the normal.The relevant potentials in the half-space R are given by:fq;wg ¼ f1; f1gA0P0 þ
X
p¼1;2
f1; fpgApPþp ; ð32Þ
fU 2;/2g ¼
X
p¼3;4
f1; gpgApPþp ; ð33Þ
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ber and xp(=kp Vp) is the circular frequency of the wave propagating with phase speed Vp. The fi’s (i = 1, 2)
are coupling parameters between q and w, and the gi’s (i = 3, 4) are coupling parameters between U2 and /2.
The expressions of fi’s and gi’s are given by (Khurana and Tomar, 2007)f1;2 ¼
x2
k0
c21 þ c23
V 21;2
 1
" #
and g3;4 ¼ x20 V 23;4 
2x20
k23;4
 c24
" #1
:Using Eqs. (11)–(13) into Eqs. (6)–(8), the requisite components of stresses in the medium R are given byt33 ¼ ðkþ 2lþ KÞq;33 þ ð2lþ KÞU 2;13 þ kq;11 þ k0w;
t31 ¼ ð2lþ KÞq;13  ðlþ KÞU 2;33 þ lU 2;11  K/2;
m32 ¼ c/2;3 þ b0w;1; m3 ¼ a0 
k22
1þ vE
 
w;3  b0/2;1:
ð34ÞSince the boundary of the half-space R is mechanically stress free, therefore, the appropriate boundary con-
ditions at the boundary surface are the vanishing of force stress, couple stress and microstretch couple. Math-
ematically, these boundary conditions can be written as:t33 ¼ t31 ¼ m32 ¼ m3 ¼ 0; at x3 ¼ 0: ð35ÞThese potentials given in Eqs. (32)-(33) will satisfy the above boundary conditions at x3 = 0 if
x = x1 = x2 = x3 = x4, k1sin h0 = k1sinh1 = k2sinh2 = k3sinh3 = k4sinh4 andkþ ð2lþ KÞ cos2 h0  k0f1
k21
" #
k21A0 þ
X
p¼1;2
kþ ð2lþ KÞ cos2 hp 
k0fp
k2p
" #
k2pAp
þ ð2lþ KÞ
X
p¼3;4
sin hp cos hpk
2
pAp ¼ 0; ð36Þð2lþ KÞ sin h0 cos h0k21A0  ð2lþ KÞ
X
p¼1;2
sin hp cos hpk
2
pAp þ
X
p¼3;4
l cos 2hp þ K cos2 hp 
Kgp
k2p
" #
k2pAp ¼ 0;
ð37Þb0f1 sin h0k1A0 þ b0
X
p¼1;2
fp sin hpkpAp þ c
X
p¼3;4
gp cos hpkpAp ¼ 0; ð38Þa0  k
2
2
1þ vE
 
f1 cos h0k1A0 
X
p¼1;2
fp cos hpkpAp
 !
þ b0
X
p¼3;4
gp sin hpkpAp ¼ 0: ð39ÞEqs. (36)–(39) enable us to provide the amplitude ratios of various reﬂected waves. These equations can be
written in matrix form as½aij½Z ¼ ½M ; ð40Þwhere [aij] is a 4 · 4 matrix, [Z] and [M] are column matrices. The elements of coeﬃcient matrix [aij] can be
written in non-dimensional form as
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k0f2
k22
" #
=D1v221;
a1p ¼ D2 sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v2p1 sin2 h0
q
=D1vp1;
a21 ¼ sin h0 cos h0; a22 ¼ sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v221 sin2 h0
q
=v21;
a2p ¼  lð1 2v2p1 sin2 h0Þ þ Kð1 v2p1 sin2 h0Þ 
Kgp
k2p
" #
=D2v2p1;
a31 ¼ sin h0; a32 ¼ f2 sin h0=f1; a3p ¼ cgp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v2p1 sin2 h0
q
=b0f1vp1;
a41 ¼ cos h0; a42 ¼ f2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v221 sin2 h0
q
=f1v21;
a4p ¼ b0gp sin h0=ða0 
k22
1þ vEÞf1; p ¼ 3; 4;where D1 ¼ kþ D2 cos2 h0  k0f1k2
1
h i
, D2 = 2l + K, vm1 ¼ V mV 1 ðm ¼ 2; 3; 4Þ, [M] = [1, sin h0cos h0, sin h0, cos
h0]
t, [Z] = [Z1, Z2, Z3, Z4]
t and ‘t’ in the superscript represents the transpose of the matrix.
Zr ¼ ArA0 ðr ¼ 1; 2; 3; 4Þ are the reﬂection coeﬃcients for an incident set of coupled longitudinal waves traveling
with speed V1.
Now, we shall discuss the partitioning of incident energy between various reﬂected waves at the
free plane surface (x3 = 0). The rate of energy transmission per unit area denoted by P* is given by
(Achenbach, 1973)P  ¼ t33 _u3 þ t31 _u1 þ m32 _/2 þ m3 _w: ð41ÞThe expressions of energy ratios Eri ði ¼ 1; 2; 3; 4Þ areEr1 ¼ Z21; Er2 ¼ Z22P 1 kþ 2lþ K
k0f2
k22
 a0f
2
2
k22
þ k
2
2f
2
2
ð1þ vEÞk22
" #
k32 cos h2;
Er3;4 ¼ Z23;4P 1 lþ K
g3;4
k23;4
ðcg3;4 þ KÞ
" #
k33;4 cos h3;4;where P 1 ¼ kþ 2lþ K k0f1k21 
a0f
2
1
k21
þ k22f21ð1þvEÞk21
 
k31 cos h0
h i1
. Each energy ratio Eri ði ¼ 1; 2; 3; 4Þ gives the rate of
energy transmission at the free plane surface for the respective reﬂected wave to the rate of energy transmis-
sion for an incident set of coupled longitudinal waves propagating with speed V1.4.2. When a set of coupled longitudinal waves with phase speed V2 is incident
Let a set of coupled longitudinal waves of amplitude A0 propagating with speed V2 be incident at the free
plane surface x3 = 0. In this case, we shall consider the same set of reﬂected waves as considered in the pre-
vious case. Following the same procedure as above, we obtain a matrix equation similar to (40) with the fol-
lowing modiﬁed valuesa11 ¼ kþ D2ð1 v212 sin2 h0Þ 
k0f1
k21
" #
=D3v212; a12 ¼ 1;
a1p ¼ D2 sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v2p2 sin2 h0
q
=D3vp2;
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v212 sin2 h0
q
=v12; a22 ¼ sin h0 cos h0;
a2p ¼  lð1 2v2p2 sin2 h0Þ þ Kð1 v2p2 sin2 h0Þ 
Kgp
k2p
" #
=D2v2p2;
a31 ¼ f1 sin h0=f2; a32 ¼ sin h0; a3p ¼ cgp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v2p2 sin2 h0
q
=b0f2vp2;
a41 ¼ f1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v212 sin2 h0
q
=f2v12; a42 ¼ cos h0;
a4p ¼ b0gp sin h0= a0 
k22
1þ vE
 
f2; p ¼ 3; 4;where D3 ¼ kþ D2 cos2 h0  k0f2k2
2
h i
, vm2 ¼ V mV 2 ðm ¼ 1; 3; 4Þ and D2 is deﬁned earlier. The matrices [Z] and [M]
would remain unaltered and Zr ¼ ArA0 ðr ¼ 1; 2; 3; 4Þ will now denote the reﬂection coeﬃcients for an incident
set of coupled longitudinal waves propagating with speed V2. In this case, the expressions for energy ratios
of various reﬂected waves are given asEr1 ¼ Z21P 2 kþ 2lþ K
k0f1
k21
 a0f
2
1
k21
þ k
2
2f
2
1
ð1þ vEÞk21
" #
k31 cos h1;
Er2 ¼ Z22; Er3;4 ¼ Z23;4P 2 lþ K
g3;4
k23;4
ðcg3;4 þ KÞ
" #
k33;4 cos h3;4;where P 2 ¼ kþ 2lþ K k0f2k2
2
 a0f22
k2
2
þ k22f22ð1þvEÞk2
2
 
k32 cos h0
h i1
. Each energy ratio Eri ð1; 2; 3; 4Þ will now represents
the rate of energy transmission at the free plane boundary surface for respective reﬂected wave to the energy
transmission for an incident set of coupled longitudinal waves with speed V2.4.3. When a set of coupled transverse waves with phase speed V3 is incident
We shall now study the reﬂection at a free plane surface of R when a set of coupled transverse waves prop-
agating with phase speed V3 and having amplitude A0 is incident at an angle h0 with the normal. The geometry
of the problem and the set of reﬂected waves will remain same as considered in the previous cases of incident
sets of coupled longitudinal waves. Also, the boundary conditions will be the same as given in Eq. (35). In the
present formulation, the relevant potentials in medium R are given by:fU 2;/2g ¼ f1; g3gA0Q0 þ
X
p¼3;4
f1; gpgApPþp ; ð42Þ
fq;wg ¼
X
p¼1;2
f1; fpgApPþp ; ð43Þwhere Q0 ¼ expfik3ðsin h0x1  cos h0x3Þ  ix3tg and Pþp is deﬁned earlier.
Using the above potentials into the boundary conditions given in Eq. (35), we obtain the following system
of equations:ð2lþ KÞ sin h0 cos h0k23A0 
X
p¼1;2
kþ ð2lþ KÞ cos2 hp 
k0fp
k2p
" #
k2pAp
 ð2lþ KÞ
X
p¼3;4
sin hp cos hpk
2
pAp ¼ 0; ð44Þ
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k23
" #
k23A0  ð2lþ KÞ
X
p¼1;2
sin hp cos hpk
2
pAp
þ
X
p¼3;4
l cos 2hp þ K cos2 hp 
Kgp
k2p
" #
k2pAp ¼ 0; ð45Þ
cg3 cos h0k3A0  b0
X
p¼1;2
fp sin hpkpAp  c
X
p¼3;4
gp cos hpkpAp ¼ 0; ð46Þ
b0g3 sin h0k3A0  a0 
k22
1þ vE
 X
p¼1;2
fp cos hpkpAp þ b0
X
p¼3;4
gp sin hpkpAp ¼ 0; ð47ÞThe system of Eqs. (44)–(47) can be written in matrix form as½bij½Z ¼ ½X ; ð48Þ
where [bij] is a 4 · 4 matrix, [Z] and [X] are column matrices. Using the modiﬁed Snell’s law for this case, the
elements of coeﬃcient matrix [bij] can be written asb1s ¼ kþ D2ð1 v2s3 sin2 h0Þ 
k0fs
k2s
" #
=D2v2s3;
b13 ¼ sin h0 cos h0; b14 ¼ sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v243 sin2 h0
q
=v43;
b2s ¼ D2 sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v2s3 sin2 h0
q
=D4vs3; b23 ¼ 1;
b24 ¼  lð1 2v243 sin2 h0Þ þ Kð1 v243 sin2 h0Þ 
Kg4
k24
" #
=D4v243;
b3s ¼ b0fs sin h0=cg3; b33 ¼ cos h0; b34 ¼ g4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v243 sin2 h0
q
=g3v43;
b4s ¼ fs a0 
k22
1þ vE
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v2s3 sin2 h0
q
=b0g3vs3;
b43 ¼  sin h0; b44 ¼ g4 sin h0=g3; s ¼ 1; 2;where D4 ¼ l cos 2h0 þ K cos2 h0  Kg3k2
3
h i
, vm3 ¼ V mV 3 ðm ¼ 1; 2; 4Þ, [X] = [sin h0cos h0, 1, cos h0, sin h0]
t, [Z] = [Z1,
Z2, Z3, Z4]
t and Zr(r = 1, 2, 3, 4) deﬁned earlier are now the reﬂection coeﬃcients for an incident set of cou-
pled transverse waves traveling with speed V3. Thus, Eq. (48) will enable us to provide the expressions of
reﬂection coeﬃcients in the present case. The expressions for energy ratios Eri ði ¼ 1; 2; 3; 4Þ of various reﬂected
waves in this case are given byEr1;2 ¼ Z21;2P 3 kþ 2lþ K
k0f1;2
k21;2
 a0f
2
1;2
k21;2
þ k
2
2f
2
1;2
ð1þ vEÞk21;2
" #
k31;2 cos h1;2;
Er3 ¼ Z23; Er4 ¼ Z24P 3 lþ K
g4
k24
ðcg4 þ KÞ
" #
k34 cos h4;where P 3 ¼ lþ K g3k2
3
ðcg3 þ KÞ
 
k33 cos h0
h i1
. Here, each energy ratio Eri will give the rate of energy trans-
mitted at the free plane surface for the respective reﬂected wave to the rate of energy transmitted for an inci-
dent coupled transverse waves with speed V3.
4.4. When a set of coupled transverse waves with phase speed V4 is incident
Following the same procedure as above, we obtain a matrix equation similar to Eq. (48) with the following
values
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k0fs
k2s
" #
=D2v2s4;
b13 ¼ sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v234 sin2 h0
q
=v34; b14 ¼ sin h0 cos h0;
b2s ¼ D2 sin h0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v2s4 sin2 h0
q
=D5vs4;
b23 ¼  lð1 2v234 sin2 h0Þ þ Kð1 v234 sin2 h0Þ 
Kg3
k23
" #
=D5v234;
b24 ¼ 1; b3s ¼ b0fs sin h0=cg4; b33 ¼ g3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v234 sin2 h0
q
=g4v34;
b34 ¼ cos h0; b4s ¼ fsða0 
k22
1þ vEÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v2s4 sin2 h0
q
=b0g4vs4;
b43 ¼ g3 sin h0=g4; b44 ¼ sinh0; s ¼ 1; 2;where D5 ¼ l cos 2h0 þ K cos2 h0  Kg4k2
4
h i
, vm4 ¼ V mV 4 ðm ¼ 1; 2; 3Þ, and the matrices [Z] and [X] have same values
as in the matrix Eq. (48). Zr(r = 1, 2, 3, 4) deﬁned earlier are now the reﬂection coeﬃcients for an incident set
of coupled transverse waves traveling with phase speed V4. The expressions for energy ratios E
r
i ði ¼ 1; 2; 3; 4Þ
of various reﬂected waves in this case, are given byEr1;2 ¼ Z21;2P 4 kþ 2lþ K
k0f1;2
k21;2
 a0f
2
1;2
k21;2
þ k
2
2f
2
1;2
ð1þ vEÞk21;2
" #
k31;2 cos h1;2;
Er3 ¼ Z23P 4 lþ K
g3
k23
ðcg3 þ KÞ
" #
k33 cos h3; E
r
4 ¼ Z24;where P 4 ¼ ðlþ K g4k2
4
ðcg4 þ KÞÞk34 cos h0
h i1
and each Eri ði ¼ 1; 2; 3; 4Þ will now give the rate of energy trans-
mission of the respective reﬂected wave to the rate of energy transmission of an incident set of coupled trans-
verse waves propagating with speed V4.5. Limiting cases
(i) If we assume that the half-space R is free from microstretch and electric eﬀects, then we shall be left with
the relevant problem in micropolar elastic solid half-space. In this limiting case, it can be seen that V2 = 0, i.e.,
the wave propagating with speed V2 will not appear in the medium. Thus, we obtain A2 = 0 and we note that
Eq. (39) is identically satisﬁed. By making the appropriate changes in the Eqs. (36)–(38), due to consideration
of U 2 ¼ ðUÞx2 in Parﬁtt and Eringen (1969), the resulting equations reduce to the equations (75)–(77) of Par-
ﬁtt and Eringen (1969) for the case of an incident set of coupled longitudinal waves traveling with speed V1.
Similarly, when a set of coupled transverse waves propagating through the medium with phase speed V3
becomes incident at the stress free plane boundary surface, then in this limiting case, we see that the Eq.
(47) is satisﬁed identically and Eqs. (44)–(46) reduce to the following equationsð2lþ KÞ sin h0 cos h0k23A0  kþ ð2lþ KÞ cos2 h1
	 

k21A1  ð2lþ KÞ
X
p¼3;4
sin hp cos hpk
2
pAp ¼ 0; ð49Þ
l cos 2h0 þ K cos2 h0  Kg3
k23
" #
k23A0  ð2lþ KÞ sin h1 cos h1k21A1
þ
X
p¼3;4
l cos 2hp þ K cos2 hp 
Kgp
k2p
" #
k2pAp ¼ 0; ð50Þ
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X
p¼3;4
gp cos hpkpAp ¼ 0: ð51Þ(ii) If we assume that the half-space R is free from electric eﬀect, then we will be left with the relevant prob-
lem in linear homogeneous microstretch elastic solid half-space. In this limiting case, the Eqs. (36)–(39) reduce
tokþ ð2lþ KÞ cos2 h0  k0f1
k21
" #
k21A0 þ
X
p¼1;2
kþ ð2lþ KÞ cos2 hp 
k0fp
k2p
" #
k2pAp
þ ð2lþ KÞ
X
p¼3;4
sin hp cos hpk
2
pAp ¼ 0; ð52Þ
ð2lþ KÞ sin h0 cos h0k21A0  ð2lþ KÞ
X
p¼1;2
sin hp cos hpk
2
pAp
þ
X
p¼3;4
l cos 2hp þ K cos2 hp 
Kgp
k2p
" #
k2pAp ¼ 0; ð53Þ
b0f1 sin h0k1A0 þ b0
X
p¼1;2
fp sin hpkpAp þ c
X
p¼3;4
gp cos hpkpAp ¼ 0; ð54Þ
a0f1 cos h0k1A0  a0
X
p¼1;2
fp cos hpkpAp þ b0
X
p¼3;4
gp sin hpkpAp ¼ 0: ð55ÞThese equations will provide us the reﬂection coeﬃcients when a set of coupled longitudinal waves propagat-
ing with speed V1 is made incident at the stress free plane surface of microstretch elastic solid half-space.
Similarly, when a set of coupled transverse waves propagating through the medium with speed V3 is inci-
dent at the free surface x3 = 0, then we see that in this limiting case, Eqs. (44)–(47) reduce toð2lþ KÞ sin h0 cos h0k23A0 
X
p¼1;2
kþ ð2lþ KÞ cos2 hp 
k0fp
k2p
" #
k2pAp
 ð2lþ KÞ
X
p¼3;4
sin hp cos hpk
2
pAp ¼ 0; ð56Þ
l cos 2h0 þ K cos2 h0  Kg3
k23
" #
k23A0  ð2lþ KÞ
X
p¼1;2
sin hp cos hpk
2
pAp
þ
X
p¼3;4
l cos 2hp þ K cos2 hp 
Kgp
k2p
" #
k2pAp ¼ 0; ð57Þ
cg3 cos h0k3A0  b0
X
p¼1;2
fp sin hpkpAp  c
X
p¼3;4
gp cos hpkpAp ¼ 0; ð58Þ
b0g3 sin h0k3A0  a0
X
p¼1;2
fp cos hpkpAp þ b0
X
p¼3;4
gp sin hpkpAp ¼ 0: ð59ÞThese equations will provide us the reﬂection coeﬃcients for the case of an incident set of coupled transverse
waves propagating with speed V3.
6. Numerical results and discussions
In order to examine this study in greater detail, we have computed the square of phase speeds of existing
coupled waves, amplitude ratios and energy ratios of various reﬂected waves, for a particular model. For this
purpose, we have taken the following values of relevant parameters:
k = 7.85 · 1011 dyne/cm2, l = 6.46 · 1011 dyne/cm2, K = 0.0125 · 1011 dyne/cm2,
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k22 ¼ 0:3364 1011 dyne, j = j0 = 0.0212 cm2, q = 1.9 gm/cm3, c = 0.365 · 1011 dyne, b0 = 0.096 · 1011
dyne, vE = 318.0 and x/x0 = 10 wherever not mentioned.
First, we have computed the square of phase speeds V 2i ði ¼ 1; 2; 3; 4Þ of the existing waves given by Eqs. (21)
and (22) at diﬀerent values of x/x0 ranging from 0.1 to 5.0. They are computed separately for two distinct
values of R(=c/lj) and are depicted through Figs. 1–4.
Fig. 1 depicts the variation of V 21 with the frequency ratio x/x0, at R = 2.67 and 5.04. It is found that at
both the values of R, V 21 is zero initially, it becomes more and more negative with increase in x/x0 until it tends
to 1 as x/x0! 1.26 from left. At x/x0 = 1.26, there is a sudden jump in the curve and the value of V 21 tends
to +1 as x/x0! 1.26 from right. For x/x0 > 1.26, the value of V 21 is positive and decreases gradually to0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
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near the value x = 1.26 · x0. This value is same as one can obtain from the formula x ¼ xc ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2k1
3K
j
j0
 r
x0
derived earlier on substituting the values of respective material constants.
Fig. 2 depicts the variation of V 22 with the frequency ratio x/x0 at two diﬀerent values of R mentioned
above. It is found that at both these values of R, V 22 is positive and remains almost constant in the range
0 < x/x0 6 1.20, thereafter, its value decreases with increasing values of frequency ratio.
In Fig. 3, we have plotted V 23 against the frequency ratio x/x0 at two diﬀerent mentioned values of R. It can
be noticed from this ﬁgure that at these values of R, the behavior of V 23 is similar to that of V
2
1 with x/x0.
290 S.K. Tomar, A. Khurana / International Journal of Solids and Structures 45 (2008) 276–302The value of V 23 is negative in the range 0 < x/x0 < 1.414 and is positive in the range x/x0 > 1.414. Thus, x/
x0 = 1.414 acts as a cutoﬀ frequency for the phase speed V3, which is the same value as one can obtain from
the formula x ¼ xc ¼
ﬃﬃﬃ
2
p
x0. In Fig. 4, we have shown the variation of V 24 versus the frequency ratio x/x0 at
R = 2.67 and 5.04. It is found that V 24 is positive and its value increases with increase of frequency ratio.
Thus, we conclude that when c26  c210 > 0, the waves with phase speeds V2 and V4 exist for all positive val-
ues of frequency, while there exist a cutoﬀ frequency for the waves propagating with phase speeds V1 and V3,
below which they degenerate into distance decaying sinusoidal vibrations. However, the value of cutoﬀ fre-
quency for the wave propagating with speed V1 is diﬀerent from the value of cutoﬀ frequency for the wave
propagating with speed V3.
In Figs. 5–7, we have compared the dispersion curves of V 21 and V
2
2 when c
2
6  c210 >¼< 0, i.e.,
k22 <¼> a0ð1þ vEÞ. In Fig. 5, we considered k22 ¼ 9 1011 dyne and in Fig. 7 we considered
k22 ¼ 36 1011 dyne. We observe from Figs. 5 and 7 that when k22 < a0ð1þ vEÞ, V1 has a cutoﬀ frequency
and V2 exists for all values of frequency, while when k
2
2 > a0ð1þ vEÞ, V2 has a cutoﬀ frequency and V1 exists
for all values of frequency. This shows that the waves propagating with phase speeds V1 and V2 are strongly
inﬂuenced by electric eﬀect. In Fig. 6, the plot of V 21 and V
2
2 against the frequency ratio x/x0 are shown when
c26  c210 ¼ 0, we observe that the wave propagating with phase speed V1 still faces cutoﬀ frequency (as V 21 is
negative in the range 0 < x/x0 < 1.26 and positive in the range x/x0 > 1.26), while the wave propagating with
phase speed V2 exist for all positive values of frequency. In the Figs. 1, 3, 5, 6 and 7, the line which crosses the
horizontal axis at critical frequency represents the vertical asymptote of the branches of the curve.
In Fig. 8, we have shown the curves of square of phase speeds V 21, V
2
2, V
2
3 and V
2
4, with respect to the fre-
quency ratio, when c26 ¼ c210. The waves propagating with phase speeds V2 and V4 are found to exist for all
values of x, while the waves propagating with phase speeds V1 and V3 propagate only if x=x0 >
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2k1
3K
j
j0
 r
and x=x0 >
ﬃﬃﬃ
2
p
, respectively, otherwise they degenerate into distance decaying sinusoidal vibrations.
Next, we have computed the amplitude and energy ratios of various reﬂected waves when c26  c210 > 0. In
Fig. 9, we have plotted the modulus of reﬂection coeﬃcients against the angle of incidence of coupled longi-
tudinal wave propagating with phase speed V1. We observe that the reﬂection coeﬃcient Z1 has maximum
value equal to unity at normal incidence, it then decreases with increase of h0 till h0 = 68 and thereafter, it
increases with increase in h0 and achieves its maximum value at grazing incidence. The reﬂection coeﬃcient
Z2 begins with its maximum value at h0 = 0, then its value decreases with increase of angle of incidence.
The modulus of reﬂection coeﬃcients Z3 and Z4 increase with h0 till h0 = 42 and 46, respectively, where they0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
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Fig. 5. Comparison of V 21 and V
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S.K. Tomar, A. Khurana / International Journal of Solids and Structures 45 (2008) 276–302 291attain their maximum values. After this, their values decrease with increase in angle of incidence and approach
to zero as h0 approaches 90. The values of coeﬃcients Z2 and Z3 are found to be very small as compared to
the values of coeﬃcients Z1 and Z4, so we have plotted each of them after magnifying 10
4 times their original
values.
Fig. 10 depicts the variation of modulus of energy ratios of various reﬂected waves with the angle of inci-
dence of coupled longitudinal wave propagating with speed V1. It has been observed that the variation of each
energy ratio of reﬂected waves is on the similar pattern as they were in their respective reﬂection coeﬃcients.
Fig. 11 depicts the variation of modulus of reﬂection coeﬃcients with the angle of incidence of coupled lon-
gitudinal wave propagating with speed V2. Here, we have come across a critical angle at h0 = 39. We see that
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292 S.K. Tomar, A. Khurana / International Journal of Solids and Structures 45 (2008) 276–302at normal incidence, the reﬂection coeﬃcient Z1 has maximum value equal to 2.0, it then decreases with h0 till
h0 = 31 and increases rapidly afterwards. The reﬂection coeﬃcient Z2 decreases slowly in the range
0 6 h0 < 39. The reﬂection coeﬃcients Z3 and Z4 increase monotonically with increase in the angle of
incidence.
Fig. 12 depicts the variation of modulus of energy ratios of the reﬂected waves with the angle of incidence of
coupled longitudinal wave propagating with the speed V2. It is seen that the waves propagating with phase
speeds V1 and V4 carry very small amount of energy in comparison to the amount of energy carried by the
0 10 20 30 40 50 60 70 80 90
Angle of Incidence (in degrees)
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
En
er
gy
 R
at
io
s
I
IV
II
III
Curve – I: E r1
Curve – II: E r2 × 10
4
Curve – III: E r3 × 10
4
Curve – IV: E r4
Fig. 10. Variation of modulus of energy ratios versus angle of incidence of a set of coupled longitudinal wave with phase speed V1.
0 5 10 15 20 25 30 35 40
Angle of Incidence (in degrees)
0.0
0.3
0.6
0.9
1.2
1.5
1.8
2.1
2.4
2.7
3.0
3.3
3.6
3.9
R
ef
le
ct
io
n 
Co
ef
fic
ie
nt
s
I
II
IV
III
Curve – I: Z1
Curve – II: Z2
Curve – III: Z3
Curve – IV: Z4
Fig. 11. Variation of modulus of reﬂection coeﬃcients with angle of incidence of a set of coupled longitudinal waves with phase speed V2.
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r
1 and E
r
4 after magnifying
their original values with the factor 103.
In Fig. 13, we have shown the variation of modulus of reﬂection coeﬃcients versus angle of incidence of
coupled transverse wave with speed V3. We found that h0 = 67 acts as a critical angle. The reﬂection coeﬃ-
cients Z1 and Z2 begin with the value zero at the normal incidence, thereafter, both Z1 and Z2 increase rapidly
with increase in h0, but at diﬀerent rates. The reﬂection coeﬃcient Z2 also increases with increase in the angle
of incidence, but with the rate less than that of Z1 and Z2. The reﬂection coeﬃcient Z3 starts decreasing from
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294 S.K. Tomar, A. Khurana / International Journal of Solids and Structures 45 (2008) 276–302the value 1 with the angle of incidence h0 in the range 0 6 h0 < 67. We have plotted the reﬂection coeﬃcients
Z1, Z2 and Z4 by dividing their original values with 10.
Fig. 14 depicts the variation of modulus of energy ratios of the reﬂected waves against the angle of inci-
dence of coupled transverse wave propagating with speed V3. It is seen that the energy ratios corresponding
to the waves with speeds V1 and V4 are so small as compared to the energy ratio corresponding to the wave
traveling with speed V3 that we have plotted each of them by magnifying their original values with the factor
103.
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Fig. 14. Variation of modulus of energy ratios versus angle of incidence of a set of coupled transverse wave with speed V3.
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coupled transverse wave propagating with speed V4. Here, we obtained a critical angle at h0 = 34. The mod-
ulus of reﬂection coeﬃcients Z1 and Z2 have zero value at normal incidence. Their values increase with
increase in the angle of incidence and attain their maximum values at h0 = 33. The reﬂection coeﬃcient Z3
begins with its maximum value at normal incidence and decreases in the range 0 6 h0 6 34. The value of
reﬂection coeﬃcient Z4 is found maximum at h0 = 0 and it decreases in the range 0 6 h0 6 31. Afterwards,
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296 S.K. Tomar, A. Khurana / International Journal of Solids and Structures 45 (2008) 276–302it increases with increase in h0, but to a very small extent. We have plotted the variation of coeﬃcients Z1, Z2
and Z3 by magnifying their original values with the factors 10
1, 104 and 104, respectively.
In Fig. 16, we have plotted the variation of modulus of energy ratios with the angle of incidence of coupled
transverse wave traveling with speed V4. We have plotted the energy ratios E
r
2 and E
r
3 by multiplying their ori-
ginal values with factors 105 and 103, respectively.
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equal to unity at each angle of incidence, showing that their is no dissipation of energy at the free plane bound-
ary surface of R during reﬂection.
Figs. 17–20 depict the variation of modulus of reﬂection coeﬃcients with the frequency ratio x/x0P 2
when each of the coupled wave is made incident at an angle of incidence h0 = 15 at the free surface. It is worth
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speed V4 is incident at an angle h0 = 15.
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incident wave are least aﬀected by the frequency parameter.
In Fig. 17, we have shown the variation of reﬂection coeﬃcients when a coupled longitudinal wave with
speed V1 is made incident. We have plotted Z2 and Z3 by magnifying their original values with the factors
102 and 104, respectively. It is found that the amplitude ratios Z1, Z2 and Z4 are almost constant for higher
values of frequency ratio.
Fig. 18 depicts the variation of reﬂection coeﬃcients for an incident coupled longitudinal wave with speed
V2. The value of coeﬃcient Z1 is greater than the other coeﬃcients at each value of frequency ratio. The reﬂec-
tion coeﬃcients Z1 and Z2 remain almost constant in the entire range. The other coeﬃcients begin with their
minimum values and then they increase very slowly. We have plotted the coeﬃcient Z1 by dividing its original
value with 10.
Fig. 19 depicts the variation of reﬂection coeﬃcients when a coupled transverse wave with speed V3 is made
incident. We notice from this ﬁgure that the amplitude ratios Z1 and Z2 behave alike with the frequency ratio,
while Z3 is almost independent of frequency ratio. We have plotted the reﬂection coeﬃcients Z1, Z2 and Z4 by
dividing their original values with 10.
Fig. 20 depicts the variation of reﬂection coeﬃcients for an incident coupled transverse wave traveling with
speed V4. Here, the reﬂection coeﬃcients Z1 and Z4 are almost independent of the frequency ratio. However,
the reﬂection coeﬃcients Z2 and Z3 decrease with increase in the frequency ratio. The values of coeﬃcients Z2
and Z3 are very small and their curves are shown by multiplying their original values with the factor 10
2.
In Figs. 21–24, we have shown the eﬀect of micro-stretch parameter b0 on the reﬂection coeﬃcients plotted
against the angle of incidence of each set of coupled waves (that is, coupled longitudinal waves and coupled0 10 15 20 25 30 35 40
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parameter b0.
7. Conclusions and remarks
In this paper, we have obtained the condition on propagation of each plane wave in an inﬁnite electro-
microelastic solid and investigated the reﬂection phenomenon of each set of coupled waves striking sepa-
rately at a stress free plane boundary of an electro-microelastic solid half-space. It can be seen that the
longitudinal microrotational wave propagating with phase speed V5 is not inﬂuenced by the electro-micro-
elastic eﬀect and behaves in a same way as in micropolar elasticity. Therefore, its reﬂection phenomenon
from the plane stress free boundary of an electro-microelastic half-space will be the same as investigated
earlier by Parﬁtt and Eringen (1969). This is the reason, we have not considered the reﬂection problem
corresponding to incident longitudinal microrotational wave propagating with phase speed V5. We con-
clude that
(1) Three waves are found to disappear below a critical frequency depending upon the properties of the
medium. These waves are (i) a set of coupled longitudinal waves propagating with phase speed V1 when
c26  c210 P 0, otherwise the set of coupled longitudinal waves propagating with phase speed V2, (ii) a set
of coupled transverse waves propagating with phase speed V3 and (iii) a longitudinal microrotational
wave traveling independently with phase speed V5. The value of cutoﬀ frequency for the coupled longi-
tudinal waves is found to be diﬀerent from that of for the coupled transverse waves and for the longi-
tudinal microrotational wave.
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k22
1þvE
 
6 kþ 2lþ K must be satisﬁed for the consistent solution of V 21
and V 22.
(3) In case of an oblique incidence of elastic waves at free plane boundary of an electro-microelastic soild
half-space, the reﬂection coeﬃcients are found to be the functions of the angle of incidence, frequency
and elastic properties of the medium.
(4) The sum of energy ratios at each angle of incidence of any set of coupled longitudinal waves and coupled
transverse waves is found to be unity. This shows that there is no dissipation of energy at the stress free
plane boundary surface during reﬂection.
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